Here we prove a global existence theorem for sufficiently small however fully nonlinear perturbations of a family of background solutions of 'n + 1' vacuum Einstein equations in the presence of a positive cosmological constant Λ. The future stability of vacuum solutions in the small data and zero cosmological constant limit has been studied previously for both '3 + 1' and higher dimensional spacetimes. However, with the advent of dark energy driven accelerated expansion of the universe, it is of fundamental importance in mathematical cosmology to include a positive cosmological constant, the simplest form of the dark energy in the vacuum Einstein equations. Such Einsteinian evolution is entitled as the 'Einstein-Λ' flow. We study the background solutions of this 'Einstein-Λ' flow in 'n + 1' dimensional spacetimes in constant mean curvature spatial harmonic gauge, n ≥ 3 and establish both linear and non-linear stability of such solutions. We implement shadow gauge condition [7] to handle the nontrivial Einstein moduli spaces in n > 3 spatial dimensional case, where the background solution is allowed to vary with time. Such time dependence of the suitably re-scaled background spatial metric introduces modifications to the elliptic equations obtained through imposing gauge conditions. In addition to such modifications, the autonomous character of the suitably re-scaled Einstein flow breaks down as a consequence of including Λ(> 0). We construct a Lyapunov function (controlling suitable norm of the small data) similar to a wave equation type energy for the non-linear non-autonomous evolution of the small data and prove its decay in the direction of cosmological expansion. Our results demonstrate the future stability and geodesic completeness of the perturbed spacetimes, and show that the scale-free geometry converges to an element of the Einstein moduli space (a point for n = 3 and a finite dimensional space for n > 3), which has significant consequence on the cosmic topology while restricting to the case of n = 3.
will be volume dominated by these hyperbolic components asymptotically by Einstein flow (Einstein-Λ flow for Λ = 0). On the other hand, if one takes the cosmological principle literally, the so-called FLRW model restricts the choice of global spatial topology of the universe to a small set consisting of negatively curved hyperbolic space H 3 , flat Euclidean space E 3 , positively curved 3-sphere S 3 with its canonical round metric and its two fold quotient PR 3 = S 3 /Z 2 . However the astronomical observations are limited to a possibly small fraction of the entire physical universe. On the other hand, numerous closed manifolds may be constructed as the quotients of H 3 , E 3 , and S 3 by discrete and proper subgroups of their respective isometry groups, with each satisfying the local homogeneity and isotropy criteria but is no longer globally homogeneous or isotropic. Following the results of [13, 14] , it is important to study the asymptotic spacetimes of the Einstein-Λ flow, which essentially contains the compact quotients of the hyperbolic space as the spatial topology (in case of 3 dimension, negative Einstein spaces in general), in details. Stability of these spacetimes (with Cauchy hypersurfaces admitting hyperbolic metrics in 3 dimension and negative Einstein metrics in general) is crucial in the mathematical cosmology, which clearly opens up the possibility of the universe to have an exotic spatial topology. Therefore, in this paper, we study the linear (which acts as a motivation towards studying non-linear stability) and non-linear stability of these spacetimes for the case of n ≥ 3.
The family of background solutions (asymptotic spacetimes of the Einstein-Λ flow) entitled as 'conformal spacetimes' with the spacetime topology R × M (M being the spatial manifold) in constant mean curvature spatial harmonic gauge (CMCSH), may be written as the following warped product form
where γ is an Einstein metric satisfying R ij (γ) = − n−1 n 2 γ ij and τ is the mean extrinsic curvature of M in the globally hyperbolic spacetime R × M . For the special case of n = 3, the negative Einstein spaces are hyperbolic i.e., the Einstein moduli space contains a point. In the limit of Λ = 0, [7] call these spacetimes the Lorentz cone space times. Stability of these '3+1' Lorentz cone spacetimes was proven by [15] utilizing the Bel-Robinson energy. In the more general setting of n > 3 finite dimensional space of Einstein metrics provides the 'center manifold' towards which the re-scaled spatial metric is flowing in the limit of infinite cosmological expansion. Such cases must be handled by letting the background spatial metric γ to be time dependent. [7] proved the stability of these background solutions by invoking shadow gauge condition and later utilized a wave equation type of energy for the sufficiently small however fully nonlinear perturbations. This energy acts like a Lyapunov function for these perturbations (vanishes at fixed points), which is defined to control the desired norm of perturbations. In the case of '2+1' Einstein flow on R × S genus with genaus > 1, Teichmüller space plays the role of the Einstein moduli space and special techniques [3, 12] are used to study the global existence (by utilizing the properness of the Dirichlet energy functional defined on the Teichmüller space). Recently [9] studied the Lyapunov stability of these background solutions including a positive cosmological constant. However, in order to establish the 'attractor' property of the background solutions, it is necessary to prove the asymptotic stability. [1] [14] constructed a reduced phase space as the cotangent bundle of the higher dimensional analogue of the Teichmüller space and obtained the following true Hamiltonian of the dynamics through a conformal technique
They have shown that the reduced hamiltonian acting as a Lyapunov function decays along certain solutions of the Einstein equations and achieves its infimum precisely for the background self similar spacetimes (conformal spacetimes for Λ = 0). Such property provides a notion of the stability of these background solutions for arbitrarily large perturbations. However, the Lyapunov function only controls the H 1 × L 2 norm of the reduced data and therefore, such notion of stability is weak. Motivated by these results, we intend to study the stability of these background solutions for sufficiently small fully nonlinear perturbations in the case when a positive consmological constant is included in the Einstein equations. A subtlety is that the most obvious definition of wave equation energies does not lead to a well defined rate of decay so that corrected energies must be introduced which exploit the information about the lowest eigenvalue of the Lichnerowicz Laplacian which enters into the evolution equation.
In this paper, we consider the complete generality of the problem in a framework of sufficiently small however fully nonlinear perturbations of the background solutions. However, the inclusion of a positive cosmological constant introduces several seemingly restrictive features of the field equations. A few examples may be as follows. In the CMCSH gauge, the vacuum Einstein equations with Λ = 0 are non-autonomous due to the fact that the mean extrinsic curvature acting as time explicitly appears in the equations. However, after a suitable rescaling, the equations can be made to be autonomous. In the presence of a nonzero Λ, such property is lost. Nevertheless, one may still obtain estimates necessary to prove the decay property of a suitably defined Lyapunov function by introducing a proper time co-ordinate (Newtonian like). The Lyapunov function for the small data is constructed as a wave equation type energy with an explicitly time-dependent (mean extrinsic curvature) correction term. An important point as we shall see is that the addition of an explicitly time dependent correction part yields a well defined decay rate of the Lyapunov functional. In addition, we invoke the shadow gauge in order to handle the nontrivial moduli space (moduli space is assumed to have smooth structure and stable). In summary, the structure of the paper is the following. We start with the gauge fixed Einstein-Λ equations and state the necessary theorems ensuring local well-posedness of the Cauchy problem. Next, we move on to computing background solutions and study their linear stability. After obtaining a series of estimates utilizing the elliptic equations arising as a result of gauge fixing and imposing the shadow gauge condition, we construct a time-dependent Lyapunov function for the small data. In the last part, utilizing the obtained estimates, we prove the monotonic decay of the constructed energy functional (vanishes only for background solutions) thereby establishing the asymptotic stability of the background solutions.
Notations and facts
We denote the 'n + 1' dimensional (n ≥ 3) spacetime manifold byM with its topology being R × M , M being the n-dimensional spatial slice diffeomorphic to a Cauchy hypersurface. Space of Riemannian metrics on M is denoted by M. M −1 is defined as follows
with R(g) being the scalar curvature associated with g. R ijkl [g] and Γ[g] i jk denote the Riemann curvature and connection coefficients with respect to the metric g, respectively.
In terms of the function space of fields (metric, second fundamental form etc.), we work in the L 2 (with respect to a given fixed background metric) Sobolev space W s,2 for s > n 2 + 1, also denoted by H s . We denote the L 2 inner product between two 2-tensors on M with respect to a background metric γ as
and inner product on derivatives as
where µ g is the volume form associated with g ∈ U ⊂ M
Abusing notation, we use µ g to denote both the volume form as well as det(g ij ) We may be sloppy sometimes to drop the Sobolev index. The reader is expected to assume the function space for (g, k, N, X) to be H s × H s−1 × H s+1 × H s+1 with s > n 2 + 1 as the available local existence theorem requires the data to lie this specified function space. The Laplacian ∆ g is defined to have a non-negative spectrum i.e.,
Field equations and gauge fixing
The ADM formalism splits the spacetime described by an 'n+1' dimensional Lorentzian manifoldM into R × M with each level set {t} × M of the time function t being an orientable n-manifold diffeomorphic to a Cauchy hypersurface (assuming the spacetime admits a Cauchy hypersurface) and equipped with a Riemannian metric. Such a split may be executed by introducing a lapse function N and shift vector field X belonging to suitable function spaces and defined such that
with t andn being time and a hypersurface orthogonal future directed timelike unit vector i.e.,g(n,n) = −1, respectively. The above splitting writes the spacetime metric g in local coordinates {x α } n α=0 = {t, x 1 , x 2 , ...., x n } as
where g ij dx i ⊗ dx j is the induced Riemannian metric on M . In order to describe the embedding of the Cauchy hypersurface M into the spacetimeM , one needs the information about how the hypersurface is curved in the ambient spacetime. Thus, one needs the second fundamental form k defined as
is the mean extrinsic curvature of M iñ M and L denotes the Lie derivative operator. The vacuum Einstein equations with a cosmological constant Λ
may now be expressed as the evolution and constraint equations (Gauss and Codazzi equations) of g and k
where τ = tr g k. A solution to the Einstein evolution and constraint equations is a curve t → (g(t), k(t), N (t), X(t)) in H s × H s−1 × H s+1 × H s+1 (at least in our case where the local existence theorem holds in this function space) satisfying equations (7)- (10) . The spacetime metricg given in terms of (g, N, X) by (4) solves the Einstein equation (88) if and only if (g, k, N, X) solves the evolution and constraint equations (7)-(10). However, the system (7)-(10) is not hyperbolic. We may reduce the system to a canonical hyperbolic evolution equation of g by fixing gauge. The physical concept of gauge fixing may be described as follows. With the spacetime topology of R × M , one has the freedom to choose the spatial slice as long as it is diffeomorphic to a Cauchy hypersurface. Let M be a Cauchy hypersurface with an induced metric g which together with (k, N, X) satisfies the Einstein evolution and constraint equations (7) (8) (9) (10) . Now let φ be a an element of the identity component of the diffeomorphism group (D 0 ) of M .
and φ * X solves the Einstein equations as well, where * , and * denote the pullback and push-forward operations on the cotangent and tangent bundles of M , respectively. The choice of spatial hypersurface is fixed by choosing constant mean curvature spatial harmonic gauge. We briefly describe the gauge fixing below starting with spatial harmonic gauge. Let φ : (M, g) → (M, γ) be a harmonic map. Clearly it satisfies the Euler-Lagrange equations arising from minimization of the associated Dirichlet energy i.e.,
Now, we fix the gauge by imposing the condition that φ = id, which leads to the following equation
whereΓ[γ] k ij is the connection with respect to some arbitrary background Riemannian metric γ. Choice of this spatial harmonic gauge yields an elliptic equation for the shift vector field X after time differentiating equation (12) . The spatial harmonic slice is chosen to have uniform mean extrinsic curvature i.e.,
and thus τ may play the role of time i.e.,
Choice of the Constant mean extrinsic curvature gauge (CMC) yields an elliptic equation for the lapse N . Note that we do not have evolution equations for lapse and shift. However, they are constrained by the elliptic equations obtained through gauge fixing which together with the evolution equations for g and k describes the full 'Einstein-Λ' system
In addition, we also have the constraints
which are conserved throughout the term of evolution as a consequence of the Bianchi identity. This Cauchy problem with constant mean extrinsic curvature and spatially harmonic gauge is referred to as 'CMCSH Cauchy' problem.
local well-posedness and gauge conservation
[5] proved a well-posedness theorem for the Cauchy problem for a family of elliptichyperbolic systems that included the 'n+1' dimensional vacuum Einstein equations in CMCSH gauge. [14] sketched how to apply the theorem of [5] to a gauge fixed 'Einstein-Λ' field equations. Since the 'Einstein-Λ' field equations only differ from the vacuum equations by the addition of some rather innocuous linear terms, most of the technicalities of this extended application of their theorem are straightforward to verify. There are however couple of subtle points in the elliptic equations for the lapse function and the shift vector field. Firstly, Inclusion of Λ > 0 seemingly creates an obstruction to achieving a trivial kernel for the lapse equation (17). However, note that we are primarily interested in negative Yamabe manifolds (see [13] and [14] for reference) and therefore the scalar curvature R(g) can never be positive everywhere on M yielding the following range of allowed mean extrinsic curvature (for expanding solutions) by virtue of the Hamiltonian constraint
This condition indeed guarantees a unique positive solution of the lapse equation (17). Secondly, allowing for the time dependent behavior of the background metric (a negative Einstein metric in our case) introduces the extra term '−g jk ∂ tΓ [γ] i jk ' in the elliptic equation for the shift vector field. However, our primary concern is the small perturbations about the background and the term '−g jk ∂ tΓ [γ] i jk ' acts as small perturbation (see lemma (4) and [7] for the relevant estimates). Therefore, the extra term in the shift equation due to time dependence of the background spatial metric does not affect the existence and uniqueness results. In a sense, these previous studies together complete the desired local well-posedness for the 'Einstein-Λ' system. For this reason we shall mostly refer the reader to the relevant sections of [5] , [7] , and [14] rather than reiterate the detailed arguments herein.
In addition to proving the local well-posedness of the 'Einstein-Λ' quasi hyperbolic evolution equations, we also need to ensure the conservation of gauges and constraints i.e., whenever (g, k, N, X) solve the 'Einstein-Λ' equations (15) (16) (17) (18) , the following entities are zero along the solution curve
One may show by direct calculation using the modified evolution equations (15) (16) that the set of constraint and gauge entities (A, V i , F, D i ) satisfy exactly the same induced evolution equations as those given in equations (4.4a-d) in [5] . Thus the energy argument in section 4 of this reference goes through unchanged and shows that if (A, F, V i , D i ) = 0 for the initial data (g(t 0 ), k(t 0 )), then (A, F, V i , D i ) ≡ 0 along the solution curve (g(t), k(t), N (t), X(t)). This completes the analysis of the desired local well-posedness and gauge conservation criteria.
Re-scaled equations
In this section, we turn the evolution and constraint equations to scale free equations after rescaling the dimensionful entities by suitable powers of the conformal factor φ 2 = τ 2 − 2nΛ n−1 (which is strictly positive provided by the condition (22)). Before rescaling, we observe that the solution of the momentum constraint
may be written as
where K T T is transverse-traceless with respect to g. We will obtain equations in terms of K T T . We denote the dimensional entities by a˜sign, while non-dimensional entities are written simply without˜sign for convenience. The re-scaled entities are given as followsg
where φ = − τ 2 − 2nΛ n−1 such that φ τ > 0. In CMCSH gauge, the re-scaled evolution and constraint equations may be written as
Here the new time coordinate is defined as
which may be integrated explicitly to yield
with T being Newtonian like i.e., −∞ < T < ∞. Note an important fact that
The re-scaled elliptic equations for the lapse function and the shift vector field may be expressed as follows
Background solutions: conformal spacetimes
The fixed point solutions are computed as the solutions of the following set of equations in CMCSH gauge i.e., by setting V i = 0, τ = monotonic function of t
Contracting equation (39) with K T T , using the momentum constraint ∇ j K T ij = 0, and integrating over M , we obtain
Standard maximum principle of the elliptic equation (38), yields estimate of the re-scaled lapse 
which implies that the shift vector field is the generator of isometry group of M. After substituting the available variables into the fixed point equation of the transverse traceless second fundamental form (40), we obtain the re-scaled metric to be a negative Einstein metric
Now, the isometry group of compact manifold M with negative Ricci curvature is finite. Therefore, the algebra of the Killing field is zero dimensional or the existing Killing fields are only trivial i.e., X = 0. An sketch of the proof is as follows. Divergence of the Killing equation along with commutation of covariant derivative yield
Trace of the Killing equation provides ∇ i X i = 0 and therefore, after multiplying both sides of equation (49) with X i and integrating over M , the following expression is obtained
everywhere on M . One observes that the unknowns obtained from the momentum constraint and the dynamical equations satisfy the Hamiltonian constraint. Therefore, we have proved the following theorem Theorem 1. Let M be a closed (compact without boundary) connected orientable nmanifold, n ≥ 3, of negative Yamabe type. Then the fixed point solutions of the re-scaled 'Einstein-Λ' flow (39-42) on (T − , T + ) × M, −∞ ≤ T − < T + ≤ ∞, has the cauchy data (g, K T T , N, X)=(g 0 , K T T 0 , N 0 , X 0 ) which satisfy the following equations: R ij (g 0 ) = − n−1 n 2 g 0 , K T T = 0, N 0 = n, X 0 = 0. For convenience, we may replace g 0 by γ with
The physical variables are given bỹ
If M admits an Einstein metric γ, then the corresponding re-scaled variables (γ, 0, n, 0) provide constant mean extrinsic curvature Cauchy data (g, K, N, X) through equations (50-53) for a vacuum spacetime with a positive cosmological constant on (−∞, − 2nΛ n−1 ) × M, locally expressible as
This so called 'trivial' evolution exists for n=3 given that the spatial manifold M is hyperbolizable (Mostow rigidity theorem). For n > 3, existence of negative Einstein space is sufficient to guarantee the existence of this Cauchy data. This is the isolated fixed point for n=3 and is non-isolated (non-trivial Einstein moduli spaces) for n > 3. This spacetime does not admit a timelike homothetic Killing field and thus, is not self-similar unlike the case of Λ = 0, which admits a homothetic Killing field. Nevertheless, the spacetime (56) admits a globally defined time-like conformal Killing
We therefore name these spacetimes the 'Conformal spacetimes'. A summary of the results obtained so far yields the following theorem Theorem 2. Let M be a closed connected oriented n-manifold of negative Yamabe type. The fixed points of the non-autonomous re-scaled 'Einstein-Λ' evolution and constraint equations on (−∞, − 2nΛ n−1 ) × M with the gauge condition τ = t and spatial harmonic slice gauge condition are the 'trivial' spacetimes given by (56). Such spacetimes admit
n−1 ∂ τ as globally defined time-like conformal Killing vector field and every spacetime admitting a global conformal symmetry of this type and at least one CMC Cauchy hypersurface is a spacetime of this type.
Linear stability of the Conformal spacetimes
[14] constructed the following reduced Hamiltonian
of the dynamics which was shown to decay monotonically along the solution curve and achieved the infimum precisely for the conformal spacetimes described by equation (56). Such reduced Hamiltonian plays the role of a weak Lyapunov function of the reduced dynamics, which indicates that these background solutions may be stable against perturbations. Motivated by this notion we conduct a linear stability analysis of the re-scaled equations about the background solutions. For convenience in calculation, we transform the Lagrangian picture to the Hamiltonian picture via Legendre transformation
The re-scaled equations take the following form
Here π is decomposed as π = π T T + trgπ n g following the momentum constraint ∇ k π k i = 0. In this section we study the behavior of the linear perturbations around the fixed point of evolution equations. Let the perturbation be (h ij = δg ij , δπ T ij , δN, δX i ). However, δN and δX i satisfy elliptic equations from which we prove that they vanish if the background metric is negative Einstein. We state and prove the following lemma regarding the vanishing of the perturbations to the lapse function and the shift vector field. Lemma 1: Let M be a closed connected oriented n-manifold of negative Yamabe type. The fixed points of the non-autonomous re-scaled 'Einstein-Λ' evolution and constraint equations on (−∞, − 2nΛ n−1 ) × M with the gauge condition t = τ and spatial harmonic slice gauge condition are the 'trivial' spacetimes given by (56) . Let the perturbations about these background solutions be (h ij , δπ T ij , δN, δX i ). Then δN ≡ 0 and δX i ≡ 0 everywhere on M. Proof: Perturbation of the lapse equation leads to
Application of standard maximum principle immediately yields δN ≡ 0 everywhere on M, which completes the proof of the first part. Perturbation of the shift equation yields
Now, multiplying both sides with δX i and integrating over closed M , we obtain
which provides δX i ≡ 0 everywhere on M, completing the second part of the proof.
With the results δN = 0 = δX i , the spacetime perturbations (at the linear level) reduce to (h ij , δπ T ij , 0, 0). In the next lemma, we prove that utilizing the constraint and gauges, the perturbations h ij to the spatial metric may be reduced to pure transversetraceless form with respect to the background metric. Lemma 2: Let R(g) be the scalar curvature and h ij = δg ij is the metric perturbation. Scalar curvature is preserved under the metric perturbation h ij if the metric perturbation is traceless with respect to the background negative Einstein metric γ ij i.e., γ ij h ij = 0. The metric perturbation is transverse-traceless with respect to γ ij i.e., γ ij h ij = 0,
Proof: Perturbations to the fields leave the gauges and constraints unchanged. Invariance of Hamiltonian constraint gives
Now due to the fact that R(γ) < 0, δR = 0 if γ ij h ij = 0, which completes the proof of the first part. For the second part, we employ the spatial harmonic gauge condition. If the identity map id : (M, γ) → (M, g) is harmonic, the tension field vanishes i.e.,
where Γ[γ] is the connection w.r.t γ i.e., the background metric. Now using the invariance of the scalar curvature (δR = 0) along with
which after multiplying both sides by tr γ h and integrating over M becomes
Now given that R(γ) < 0, we immediately obtain ∇[γ] l tr γ h = 0 and tr γ h = 0 and using
which completes the proof of the second part.
Following the previous lemma, we need only consider the perturbations of the transverse-traceless type and no information is lost doing so. We will denote h T T ij simply by h ij if there is no confusion. Now linearized equations of motion around the background solution take the following forms
where δµ γ = 1 2 µ γ γ ij h ij = 0 due to the fact that the metric perturbation is traceless with respect to the background metric. We may now obtain the wave equation for the metric perturbation as follows
The variation of the Einstein tensor may be calculated as
where we have used the background Ricci tensor and the scalar curvature i.e., R ij (γ) = − n−1 n 2 γ ij , R(γ) = − n−1 n , and δR = 0 from the Hamiltonian constraint. The wave equation takes the following form
Using the perturbation to the Ricci tensor
along with γ ij h ij = 0, ∇[γ] m h ml = 0, and h ij = γ ik γ jl h kl = δg ij , the wave equation for the metric perturbation takes the form
Let the Laplacian be defined as
Utilizing the eigenvalue equation of the linear differential operator in the right hand side of the previous equation i.e.,
the wave equations for the transverse-traceless metric perturbations reduce to the following set of ordinary differential equations
with λ > 0. This leads to the result of [1] in the limit of Λ = 0. We may use the following time coordinate introduced in equation (35)
which yields the range of T as (−∞, ∞) for τ ∈ (−∞, − 2nΛ n−1 ). Wave equations for the metric perturbations in this time coordinate read
from which the asymptotic stability follows. In the limit of τ → − 2nΛ n−1 or equivalently T → ∞, the above equation reduces to
solution of which is exponentially decaying, that is
Note that for h in the kernel of the differential operator i.e., for −∆ γ h ij − (R[γ] kijm + R[γ] kjim )h km = 0, the equation reduces trivially to
which again yields asymptotic stability. Therefore, the conformal spacetimes (56) is stable under linear perturbations. To summarize, we state the following theorem Theorem 3: Let M be a closed connected oriented n-manifold of negative Yamabe type. The background solutions (56) of the Einstein-Λ evolution and constraint equations on (−∞, − 2nΛ n−1 ) × M with the gauge condition τ = t and spatial harmonic slice gauge condition are stable and thus future complete against linear perturbations preserving the constraints and gauge conditions.
Fully nonlinear perturbations
Theorem 3 provides with a notion of stability of the background solutions. However, it leaves out the fully non-linear evolution of the small perturbations. The reduced Hamiltonian described in equation (58) is always at hand and may be used to study the fully non-linear and arbitrary large perturbations. But, it seems to control the H 1 × L 2 norm of the Cauchy data (g, π T T ) (see [1] and [14] for reduced phase space). However, following local existence theorem applied here, we need to control the H s × H s−1 norm with s > n 2 + 1, n ≥ 3. Therefore we construct a Lyapunov function of the dynamics which indeed controls the required sobolev norm (L 2 norm of the s > n 2 + 1 spatial derivatives) of the fully non-linear small perturbations. We show that it decays along the solution if we stay sufficiently close to the background spacetimes. In addition, as mentioned previously, finite dimensionality of the Einstein modulli space in the case of higher dimensions (n > 3) has to be addressed carefully in order to show the attractor property of the centre manifold. However, before doing so, few important geometric notions are to be discussed which have substantial impact on the stability analysis in case of the spatial dimension n > 3.
Deformation space
Here we provide a brief description of the deformation space of the Einstein structure necessary for the nonlinear analysis. Details can be found in several studies [4, 7] . The background solutions of the Einstein-Λ flow in CMCSH gauge are the conformal spacetimes as described in previous section. The spatial metric component of these conformal spacetimes is negative Einstein metric i.e., the spatial metric satisfies
Let us denote the space of metrics satisfying equation (88) by E − n−1 n 2 and consider the following map
The differential D(Ric + n−1 n 2 γ) · h may be reduced to a second order differential operator acting on the variation h, whose adjoint is injective and thus T F −1 (0) F is surjective. The tangent space of E − n−1 n 2 may be calculated as the kernel of T γ F . The operator T γ F = D(Ric + n−1 n 2 γ) may be decomposed in terms of the Lichnerowicz Laplacian
where
Space of symmetric 2 tensors may be decomposed as
where C T T (S 2 M ), F(M ), and IM(L) are space of symmetric transverse-traceless 2tensors, space of functions on M , and the image of the Lie derivative L with respect to a vector field Y ∈ T M (a section of T M to be precise), respectively. In local co-ordinates, this decomposition may be represented as
The kernel K(T γ F ) at γ ∈ F −1 (0) may be obtained through the solution of the following equation
The remaining terms lead to
which upon taking trace yields
For γ ∈ F −1 (0), the scalar curvature R(γ) = − n−1 n and therefore f = 0 everywhere on M . The resulting tangent space of E − n−1 n 2 = F −1 (0) consists of the kernel of the operator L (subspace of the space of transverse-traceless symmetric 2-tensors) and the image of the Lie derivative operator with respect to a vector field
Let γ 0 ∈ E − n−1 n 2 and V be its connected component. Also consider S γ be the harmonic slice of the identity diffeomorphism i.e., the set of γ ∈ E − n−1 n 2 for which the identity map Id : (M, γ) → (M, γ 0 ) is harmonic. This condition is equivalent to the vanishing of the tension field −V k that is
For γ ∈ E − n−1 n 2 , S γ is a submanifold of M for γ sufficiently close to γ 0 [7, 14] . The deformation space N of γ 0 ∈ E − n−1 n 2 is defined as the intersection of the γ 0 −connected component V ⊂ E − n−1 n 2 and the harmonic slice S γ i.e., N = V ∩ S γ .
(98)
N is assumed to have C ∞ topology. In the case of n = 3, the negative Einstein structure is rigid which follows from Mostow rigidity theorem [2, 11] and this structure corresponds to the hyperbolic structure up to isometry. For higher genus surfaces (genus > 1) in two dimension, the deformation space modulo isotopy diffeomorphism is the Teichmuller space diffeomorphic to R 6genus−6 . For n > 3, it is a finite dimensional submanifold of M. Examples of higher dimensional (n > 3) negative Einstein spaces with nontrivial deformation spaces include Kahler-Einstein manifolds [8] . [7] provides a details of constructing numerous negative Einstein spaces through product operation. Therefore, we do not repeat the same here. Readers are referred to the same paper. Following equations (96), (97), and (98), the tangent space T γ N in local coordinate is represented as
is a local chart on N . Also note that the space of transverse-traceless tensor may be decomposed as follows
where C T T ⊥ is the orthogonal complement of ker(L) in C T T (S 2 M ). Important thing to note that all known examples of closed negative Einstein spaces have integrable deformation space.
Perturbations and shadow gauge
Previous section describes the non-trivial deformation space of the negative Einstein structure. Presence of a non-trivial deformation space necessitates the consideration of perturbations L 2 orthogonal to the deformation space of the Einstein structure forming the center manifold of the re-scaled dynamics. Perturbations parallel to the deformation space are trivially stable at the linear level, which was shown earlier and will be repeated later as well. For the treatment of the orthogonal perturbations, we invoke the shadow gauge introduced by [7] in addition to the constant mean curvature spatial harmonic gauge (CMCSH). Let γ ∈ N and consider metric g ∈ U ⊂ M close to γ 0 i.e., if ||g − γ 0 || H s < δ, and ||γ − γ 0 || H s < δ, then ||g − γ|| H s < 2δ through triangle inequality. The shadow gauge is defined as the perturbation (g − γ) being L 2 orthogonal to the deformation space N . Adopting the local coordinate system {q a } N a=1 on N with N = dim(N ) < ∞, the local basis for the tangent space of N may be written as
where ∂γ ij ∂q a = −γ im γ jn ∂γmn ∂q a . Technically, this shadow condition is equivalent to γ being a projection of g onto N i.e.,
and therefore, the time evolution of γ in N may be obtained as
Expression for DP[g] may be obtained by time differentiating the shadow metric condition i.e.,
∂q b being the basis for T γ N . For small data limit i.e., (g − γ) < 2δ, δ > 0, the combined matrix
+ M µ γ ∂γ ij ∂q b γ im γ jn ∂γ mn ∂q a µ γ is invertible as well yielding the following time evolution of the shadow metric γ in the deformation space
where ∂gmn ∂T may be obtained from the re-scaled field equation (31). This is again equivalent to the following projection operation
In a sense, the following estimate holds
for some constant C = C(δ) > 0. More generally, one may have the following estimate for z ∈ T g U (g ∈ U ⊂ M) while considering the projection operation P :
In a sense, the projection is a smoothing operation. we are primarily interested in studying the evolution of sufficiently small however fully nonlinear perturbations under Einstein-Λ flow. In order to do so, we need to first define the small data. Roughly speaking, the perturbations about the background solutions to the Einstein-Λ equations are considered small. The background solutions (conformal space-times (56)) may be expressed in terms of the re-scaled variables (γ, N = n, X i = 0) after dimensionalization by suitable factors of φ 2 = (τ 2 − 2nΛ n−1 ) > 0. In addition to these three entities, we also have the corresponding background re-scaled transverse-traceless second fundamental form K T T = 0. Therefore, the complete set of small data is defined as the difference between the background and perturbed solutions i.e., (g − γ, K T T , N n − 1, X). Now we state and prove a series of important lemmas which shall be required later to obtain several important estimates.
and N be its integrable deformation space and γ ∈ N . Also g ∈ U ⊂ M and U is a neighborhood of N in M and g ∈ U satisfies
satisfies the following estimate
with C(δ) > 0. Proof: Following equation (99), any element belonging to T γ N may be written as
from which γ mn DΓ i mn [γ]h T T || = 0 follows immediately and the remaining terms lead to the following equation
. Now, using the previous expression, for γ close to γ 0 , we have the following estimate
which upon substituting T γ N h = DP · z together with the equation (110) yields the required estimate
We have therefore proved the lemma. Lemma 4: let s > n 2 + 1, γ 0 ∈ E − n−1 n 2 , N integrable deformation space of γ 0 , and γ ∈ N being the shadow of g i.e., P[g] = γ, g ∈ U ⊂ M with U being a neighborhood of N in M and g ∈ U satisfies ||g − γ 0 || H s < δ for some δ > 0, then
Application of lemma 1 in conjunction with equation (110) yields the desired estimate
(119) Lemma 5: let s > n 2 + 1, γ 0 ∈ E − n−1 n 2 , N integrable deformation space of γ 0 , and γ ∈ N being the shadow of g i.e., P[g] = γ, g ∈ U ⊂ M with U being a neighborhood of N in M and g ∈ U satisfies ||g − γ 0 || H s < δ for some δ > 0, then the following map
is an isomorphism. Proof: Lets say ψ s is the flow of the shift vector field X and thus a one parameter group of diffeomorphism of M . Therefore, by ψ s , we may push forward and pull back the sections of the tangent and the co-tangent bundles, respectively. The negative of the tension vector field is defined as a section of the tangent bundle T M and locally expressible as
The co-vector counterpart of V may be pulled back and dualized as
The right hand side follows as a consequence of the tensor transformation property of the difference of connection coefficients (Γ i jk ). Differentiation with respect to s at s = 0 yields
Using the formula for the Fréchet derivative of the connection coefficients, we may obtain
Previous expressions altogether yield
. upon imposing the spatial harmonic gauge condition V i = 0. Given that we've established the relation (127), it is sufficient to show the injectivity of the map
which upon multiplying both sides by Z i and integrating over M after imposing V i = 0 yields
Now γ ∈ N ⊂ E − n−1 n 2 has negative sectional curvature and thus it satisfies
and therefore
. This concludes the proof that P is an isomorphism between H s+1 and H s−1 .
Using the previous lemmas, we will prove three lemmas which will be crucial towards proving the stability results. Lemma 6: Let s > n 2 + 1. Let B s,δ (γ 0 , 0) ⊂ H s × H s−1 be a ball of radius δ centered at (γ 0 , 0) and (g,
and that the CMCSH gauge condition is satisfied. Then there exists a constant C = C(δ) > 0 such that the following inequality holds for any
Proof : Let's consider the re-scaled Lapse equation
and substitute Q = N n − 1 i.e., N = n(1 + Q). We obtain
Clearly, as (|K T T | 2 + 1 n ) > 0, "∆ g + (|K T T | 2 + 1 n )id" is an isomorphism of H s+1 onto H s−1 . Therefore, from the elliptic regularity of "∆ g + (|K T T | 2 + 1 n )id", we may write the following inequality [10] 
and using equation (133), we may immediately write
We have thus proved the lemma. Lemma 7: Let s > n 2 + 1. Let B s,δ (γ 0 , 0) ⊂ H s × H s−1 be a ball of radius δ centered at (γ 0 , 0) and (g,
τ (T ) = monotonic function of T alone < 1, and that the CMCSH gauge condition is satisfied. Then there exists a constant C = C(δ) > 0 such that the following inequality holds for any T ∈ (−∞, ∞)
Proof: The elliptic equation (42) for the shift X reads
and we have proved in lemma (5) that the operator P : H s+1 → H s−1 i.e.,
is an isomorphism and thus the following estimate holds
Therefore, use of the shift equation yields
Note that every term in the right hand side of the equation (138) is of higher order except the last term g jk ∂ T Γ[γ] i jk . Using the estimate (118), and the re-scaled field equation (31), and 0 < φ(T ) τ (T ) < 1, we obtain
which upon substituting in (140) leads to the desired estimate
and thus we have proved the lemma. Finally, we obtain an estimate on the term φ(T ) τ (T ) X + Y || , which is stated in the next lemma. Lemma 8: Let s > n 2 + 1. Let B s,δ (γ 0 , 0) ⊂ H s × H s−1 be a ball of radius δ centered at (γ 0 , 0) and (g,
and that the CMCSH gauge condition is satisfied. Then there exists a constant C = C(δ) > 0 such that the following inequality hold for any
Proof: Now let's consider γ ∈ N . Thus, T γ N ∂ T γ may be written as
where h T T is a transverse-traceless tensor and Y || solves the following equation
We have already shown (115) that the following equation holds
Now after applying AM-GM inequality on the product terms like
jk ) along with using the estimate on N n − 1 and X, and the elliptic regularity of the operator P , we note that every term in the right hand side of the previous equation contributes to the second order i.e.,
for some C = C(δ) > 0. This concludes the proof of the lemma.
In order to construct a Lyapunov function and to establish its decay property, we need the evolution equations for the small data (g − γ, K T T ). Through the following lemmas and utilizing equations (31)-(32), we arrive at the final set of evolution equations required to define energy functional (Lyapunov function for small data) and obtain its estimate. Lemma 9: Let (g 0 , K T T 0 , N, X) = (γ, 0, n, 0) be the fixed point solutions of the re-scaled 'Einstein-Λ' equations, where R(γ) = − n−1 n 2 γ. Define u = g − γ, v = 2nK T T , and w = N n . The 'Einstein-Λ' evolution equations are equivalent to the following system
Proof : A direct calculation after substituting the transformed variables u = g − γ, v = 2nK T T , and N = nw along with the fact that 0 = ∂γ ∂T ∈ T γ N and thus ∂γ ∂T = h T T || + L Y || γ, we obtain the evolution equation for u. Now, we need the following lemma. Lemma 10 [7] : The following expression of R ij [g] holds
, and J ij satisfies the following estimate
Proof: Using the estimates on w − 1 = N n − 1, X, and φ τ X + Y || (equations (131), (137), and 142), the estimates on F u and F v follow immediately.
Linearization
Even though we have already established the linearization stability, we may quickly reprove the result using the dynamical equations obtained for the perturbations. Here, construct an energy functional (Lyapunov function) for the linearized equations, which will motivate the construction of the energy functional for the fully nonlinear stability. Here, we have dynamical equations for perturbations both parallel and perpendicular to N . However, we will see shortly that the parallel component of the perturbation is trivially stable. Once again the fixed points satisfy
Linearization about these fixed points preserving the gauges and constraints i.e.,
together with the field equations yield
where we have used the L 2 orthogonal decomposition u T = u T || + u T T ⊥ , v T = v T || + v T ⊥ , and u T || = 0 (at the linear level, the u is L 2 orthogonal to N ). We immediately obtain
The linearized equation for the L 2 orthogonal component satisfies the following pdes (let's write u ⊥ = u and v ⊥ = v for simplicity)
where the operator L γ,γ satisfies the eigenvalue equation
Let the minimum of the spectrum of L γ,γ be λ 0 > 0 i.e., λ > λ 0 > 0 ∀ λ ∈ Spec(L).
We define a wave equation type energy
along with a correction term
where 0 < φ(T ) τ (T ) < 1 and a D is defined as
where τ 0 is the mean extrinsic curvature associated with the initial data i.e., τ 0 = τ (T 0 ) and φ 2 0 = τ 2 0 − 2nΛ n−1 . Note that φ 0 τ 0 is the maximum of φ(T ) τ (T ) in the course of evolution i.e., in [T 0 , ∞) which follows from integrating equation (35). The total energy, acting as a Lyapunov function for the linear perturbations, is of course defined as
which is non-negative definite as the trace and determinant of the matrix associated with the quadratic form are positive and non-negative, respectively. The correction term is required in order to obtain an explicit decay rate, which is impossible in the absence of the chosen correction term. For the first case i.e., when
which is clearly satisfied as λ > λ 0 > φ 0 τ 0 n 2 ≥ φ 2 τ 2 n 2 from the definition. In the second case as well, we see that the determinant and the trace of the quadratic form are non-negative
as λ 0 ≤ φ 0 τ 0 n 2 < 1 < τ 2 φ 2 and therefore, the defined energy is non-negative definite and vanishes precisely at background solutions (suitable Lyapunov function). The time evolution of the energy reads
Existence of non-positive determinant for the matrix associated with the quadratic form H implies
Small calculation shows that there always exists 0 < α(T ) < a D φ(T ) 2 τ (T ) 2 such that the condition (175) is met along with the requirement that the trace of the matrix associated with the bilinear form is negative and therefore dE dT
Integrating the expression leads to the linearized stability
Note that the background solution has the characteristics (E, d T E) = (0, 0).
Non-linear perturbations
From here onward, we will focus on fully non-linear perturbations to the background solutions. Let us fix a background metric γ 0 ∈ E − n−1 n 2 . N be the deformation space with respect to γ 0 and γ is close to γ 0 . There exists a harmonic slice S γ ⊂ M as the solution of the following equation satisfied by the tension field equation i.e.,
We want to consider (g ∈ M, K T T ) which satisfies the constraint equations (33-34) as well as the harmonicity condition that is the idenitity map 'id : (M, g) → (M, γ)' is harmonic. Let us denote this constraint slice by S c,γ corresponding to S γ . Following the analysis of [15] (see lemma 2.3), we may represent the constraint slice S c,γ as a graph over its tangent space, that is, we may write (g, K T T ) ∈ S c,γ in the following form
where u T T and v T T are transverse-traceless with respect to γ with < z|u T T > L 2 = 0,
From here onward, we will write u and v for u T T + z and v T T + z, respectively for simplicity.
Constructing the Lyapunov function: definition of Energy
The spectrum of the self-adjoint operator L g,γ will play a vital role in the definition of the energy. In general for closed manifold, the spectrum of L g,γ is non-negative i.e., λ satisfying
also satisfies λ > 0 (182) since we are considering stable deformation space [7] . Let λ 0 be the smallest eigenvalue of L g,γ i.e., λ ≥ λ 0 > 0, ∀λ ∈ Spec(L g,γ ). Motivated by the energy associated with the linear stability analysis, we define the energy as follows
with the correction term
The total energy may be defined as
The correction term is required in order to obtain a precise decay rate of the total energy as we will see shortly. For the first case i.e., when λ 0 > φ 0 τ 0 n 2 , non-negative definiteness of E implies
which is clearly satisfied as λ > λ 0 > φ 0 τ 0 n 2 ≥ φ 2 τ 2 n 2 . In the second case as well, we see that the determinant and the trace of the quadratic form are non-negative
as λ 0 ≤ φ 0 τ 0 n 2 < 1 < τ 2 φ 2 and therefore, the defined energy is non-negative definite and vanishes precisely at background solutions (suitable Lyapunov function).
We will now check the non-negative definiteness of the hessian of the energy functional, which will be used to obtain several useful estimates. The first variation of the energy with δu = h, and δv = k at (γ, 0) vanishes
i.e., (γ, 0) is a critical point of E s . The second variation about the critical point yields 
We have (∆ g,γ h) ij = − 1 µ g ∇[γ] m (g mn µ g (∇[γ] n h ij )) (208) and the definition of L g,γ 
as a consequence of L γ,γ h T T || = 0. Now we will exploit the shadow gauge condition to obtain an estimate of h T T || . The shadow gauge reads < g − γ| ∂γ ∂q α > L 2 = 0, (211)
which upon time differentiation becomes < ∂ T u|h T T ||α + L Y ||α γ > L 2 +second order terms = 0,
+second order terms = 0.
Now, using the estimates on (w − 1), X, and F u , and the identity < A T T |L Z γ > L 2 for any transverse-traceless tensor A T T and vector field Z ∈ Γ 1 0 (T M ), we immediately obtain
which leads to
where v || is the projection of v onto the subspace of TT tensors belonging to the kernel of L γ . Now using the equation (210), we observe that every term of < u, L g,γ h T T || > L 2 is of at least third order and the following claim follows
(2) In the second part of the lemma, we need the estimate for the term < u|∂ T L gγ u > L 2 . Using the explicit expression for L g,γ , we may write
and imposing spatial harmonic gauge V i = 0 for 2 ≤ i ≤ s and C = C(δ) > 0. Proof: Following analogous calculation to that of lemma (14) and using the formula for the higher order estimates from section (2) of [5] for s > n 2 + 1, each of the claim follows.
Next we consider the evolution of the higher order energy through the following lemma Lemma 17: Let s > n 2 + 1, γ ∈ E − n−1 n 2 be the shadow of g ∈ M, and there exists a δ > 0 such that for (g, K T T ) ∈ B δ (γ, 0) ⊂ H s × H s−1 , the following hold
−a D φ 2 τ 2 n 2 < u|L i g,γ u > L 2 +B 3 , with B 2 and B 3 satisfying
for 2 ≤ i ≤ s and C = C(δ) > 0. Proof: Calculation analogous to that of lemma (15) and the higher order estimates from lemma (16) directly yield the desired result. Note that if we did not add the correction term χ i to the energy E i , the time evolution would lead dE dT = − (n − 1)
from which we will gain a rough notion that the energy decays, however, would be unable to obtain a decay rate, because, the term s i=1 < u|L i g,γ u > L 2 does not appear. Addition of the correction χ does precisely that, that is, its time derivative produces the required terms to yield expression like −2αE for some α > 0. Now that we have concluded with the proofs of the important lemmas, we will study the time evolution of the total energy (corrected). Time evolution of the total energy may be written using the lemma (15) and (17) as follows 
